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Abstract
We propose a simple wavefunction for the ground state of general atomic three-body systems
in which two light particles are negatively charged and the third (heavy) is positively charged.
By construction this wavefunction (i) has the same analytical form for all systems; (ii) is
parameter-free; (iii) is nodeless; (iv) satisfies all two-particle cusp conditions; and (v) yields
reasonable ground-state energies for several three-body systems, including the prediction of a
bound state for H−, D−, T− and Mu− . For illustration, results are given for several three-body
systems, and in particular for variants of helium-like ions. We provide analytical formulae, as
well as simple polynomial fits for certain subcases, which allow one to have a rapid estimate of
the ground-state energy and to study the stability for quite general cases.

1. Introduction

The study of the structure and stability of Coulombic three-
body systems with arbitrary masses/charges has been the
subject of many investigations (see, for example, the review
[1]). In a previous paper [2], we have proposed a pedagogical
and simple wavefunction for the ground state of two-electron
atoms which: (i) is parameter-free; (ii) is nodeless; (iii)
satisfies all two-particle cusp conditions [3]; and (iv) yields
reasonable ground-state energies, including the prediction
of a bound state for H−. Besides, the simplicity of the
wavefunction allowed us to obtain analytic expressions for
the mean energy, and other mean physical quantities. That
paper, however, dealt only with the two-electron case and with
a nuclear mass considered as infinite.

In this paper we want to generalize the proposed
wavefunction [2] to more general atomic three-body systems
in which one of the particles is positively charged and
heavier than the other two which are negatively charged (not
necessarily with unit charge). The motivations behind this
work are twofold. First this generalization will allow us to
consider the two-electron case but with a finite nuclear mass
(various isotopes can then be considered). Secondly, other
exotic three-body systems can be studied; for example (i) one
of the electrons of the helium atom can be replaced either by
a muon (µ−) or by antihydrogen nuclei p−, d− or t−; (ii) both
electrons can be replaced by muons.

The aim is to have a simple wavefunction for the ground
state which has a unique mathematical form for all situations, is
nodeless and satisfies all two-body cusp conditions. Moreover,
we want this function to be parameter free, so that it is fully
determined given a set of three charges and three masses.
A wavefunction with all these characteristics is currently not
available in the literature. As in [2], the simplicity of the
proposed wavefunction is such that analytical expressions for
the ground-state energy (and other mean physical quantities)
can be derived. Hence, the results provide a useful predictive
and simple tool to estimate the energy, and therefore to study
the stability, of exotic Coulombic three-body systems. To our
knowledge, such a tool is not available in the literature. Of
course due to its simplicity, energy values cannot be that good
when compared to advanced variational wavefunctions which
involve a large number of basis functions [4–8]. However, the
latter generally do not satisfy cusp conditions exactly and do
not have a predictive character since they have to be optimized
each time for a given three-body system.

Outside the fundamental and spectroscopical importance
of finding a unique mathematical wavefunction for many
(traditional and exotic) three-body systems, the result should
be of interest to the collision community. Indeed, simple
enough, but sufficiently accurate wavefunctions are very useful
as a starting point in calculations of double ionization cross
sections by electron or radiation impact for He-like systems
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[9, 10], and the same applies to exotic systems in collision with
electrons, muons or radiation. The use of highly sophisticated
wavefunctions with large numbers of terms is sometimes
prohibitive when using time-demanding computer codes to
evaluate cross sections. Moreover, the importance of the
fulfilment of the Kato cusp conditions by the trial wavefunction
has been pointed out for the study of several physical processes.
For example, in photo-double ionization and electron–atom
double ionization processes (see, e.g., [9, 11, 12] ), failure
in satisfying the cusp conditions leads to wrong results in
cross section calculations of particular physical processes
[11, 13]. As another example, we may quote the evaluation
of expectation values of some singular two-particle operators
which have consequences in the calculation of annihilation
cross sections [14].

Atomic units are used throughout (h̄ = me = e = 1).

2. Generalities

Consider the general case of three charged particles zi and
masses mi (i = 1, 2, 3), and denote by [m1m2m3] the three-
body system. We will deal, in what follows, with atomic
systems where 3 will be the heaviest particle, positively
charged (z3 > 0), and the two lighter particles (1 will be
the lightest) are negatively charged, z1 < 0 and z2 < 0. Let ri

denote their positions, and rij = ri − rj (i �= j) their relative
vectors. We further choose to place particle 3 at the origin of
the coordinates, so that the interparticles coordinates are r1, r2

and r12. The reduced masses are given by

µij = mimj

mi + mj

(i �= j = 1, 2, 3) (1)

and we define the quantities

νij = µij zizj (i �= j). (2)

To study the stability of a three-body system [m1m2m3],
one should compare its energy E[m1m2m3] with that of the
ground state of the separate two-body sub-systems E[mimj ]
where i �= j . If m1 is considered as the lightest particle, then
the stability condition reads

E[m1m2m3] < − 1
2 (z2z3)

2µ23 = E[m2m3], (3)

that is to say that the ratio E[m1m2m3]/E[m2m3] > 1.
For S-states, the six-dimensional Schrödinger equation

reduces to the three-dimensional Hylleraas equation which, in
terms of the interparticle coordinates (r1, r2, r12), reads

H�(r1, r2, r12) = E�(r1, r2, r12), (4)

where the non-relativistic Hamiltonian H is given by

H = D0 + D1, (5)

with

D0 =
(
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2µ13

(
∂2
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)

+

(
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(
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+
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+

z1z2

r12

)
, (6)

D1 = −
(

1

m1
d1 +

1

m2
d2 +

1

m3
d3

)
,

= −
(

r̂1 · r̂12

m1

∂2

∂r1∂r12
− r̂2 · r̂12

m2

∂2

∂r2∂r12
+

r̂1 · r̂2

m3

∂2

∂r1∂r2

)
.

(7)

Here, no assumptions are made that some parts of the
Hamiltonian are negligible in comparison to others. The
operator D0 represents a sum of three separate two-body
Coulomb problems, and does not couple the coordinates r1, r2

and r12. On the other hand, D1 couples the pairs of particles
through the differential operators d1, d2 and d3. The strength
of the coupling is weighted by the inverse of the respective
masses. Dropping the (r1, r2, r12) dependence, the mean
energy

E = 〈�|H |�〉
〈�|�〉 , (8)

is usually minimized with trial wavefunctions (variational
method).

The study of the two-body Coulomb singularities (D0

part) of the Hamiltonian (5) has led Kato [3] to provide
mathematical conditions that � must satisfy (the so-called
cusp conditions). In the general case of three charge particles,
they are given by [3, 15]

∂�

∂r1

∣∣∣∣∣
r1→0

= ν13�(0, r2, r12) (9a)

∂�

∂r2

∣∣∣∣∣
r2→0

= ν23�(r1, 0, r12) (9b)

∂�

∂r12

∣∣∣∣∣
r12→0

= ν12�(r, r, 0) with r =
∣∣∣∣1

2
(r1 + r2)

∣∣∣∣ ,
(9c)

where � means the average of � over a very small sphere of
radius r1 (respectively, r2 or r12) keeping the other values
fixed. Relations (9a)–(9c) provide the linear behaviour
that �(r1, r2, r12) must have close to the singularity points.
Satisfying these two-body cusp conditions is not only a
mathematical requirement, but also an important property that
any trial wavefunction should have.

3. Simple parameter-free ground-state
wavefunctions for three charged particles

Along the lines of our previous paper [2], let us now generalize
the �ARG wavefunction suggested for infinite nuclear mass
helium-like systems. The starting point of �ARG is Patil’s
wavefunction [16],

�Patil = NPatil e−Zr1−Zr2
(
1 + 1

2 r12
)

(10)

where an extra multiplying factor is included without affecting
the cusp conditions. Consider three arbitrary particles, with
z1 < 0, z2 < 0 and z3 > 0 (and m3 supposed larger than m1

and m2), so that the quantities ν13 and ν23 are negative while

2



J. Phys. B: At. Mol. Opt. Phys. 41 (2008) 105001 L U Ancarani and G Gasaneo

ν12 is positive. The generalization of the �ARG wavefunction
could be written as

� = N eν13r1+ν23r2 (1 + ν12r12)
[
1 + c1r

2
1 + c2r

2
2

]
, (11)

where c1 and c2 have to be determined, and N is the
normalization constant. These coefficients must be positive
in order to avoid any nodes in the ground state, and they are
supposed to be smaller than 1. However, the first condition
cannot be satisfied for several physical systems. To avoid this
problem we propose a simplified version of (11)

�GEN
ARG = NGEN

ARG eν13r1+ν23r2 (1 + ν12r12)
[
1 + c

(
r2

1 + r2
2

)]
, (12)

where c has to be determined (for scaling and dimension
reasons, it will be convenient to set c = Cν2

13, see section 5).
Aside from the normalization factor NGEN

ARG , the wavefunction
�GEN

ARG can be decomposed as the sum of two terms,

�GEN
ARG = χ0 + cχ1, (13)

where χ0 is a generalization of Patil’s proposal (see
equation (10)) [16]

χ0 = �GEN
Patil

NGEN
Patil

= eν13r1+ν23r2 (1 + ν12r12) (14)

and

χ1 = χ0
(
r2

1 + r2
2

)
. (15)

The mean energy (8) (and the normalization constant NGEN
ARG )

can be evaluated analytically in terms of c and the three sets
(mi, zi). In the general case, the expression always takes the
form

EGEN
ARG = E[m2m3]

h00 + 2h10c + h11c
2

s00 + 2s10c + s11c2
(16)

where the energy of the two-body sub-system E[m2m3] (see
equation (3)) is factored out. The coefficients hmn and smn

(with m and n = 0, 1) depend on the three sets (mi, zi)

and correspond, respectively, to the Hamiltonian and overlaps
matrix elements with respect to the functions χ0 and χ1,

〈χm|H |χn〉 = E[m2m3]4π2hmn (17a)

〈χm|χn〉 = 4π2smn. (17b)

By optimizing EGEN
ARG analytically with respect to c, one easily

finds the optimal copt value

copt

= h11s00−h00s11+
√

(h11s00−h00s11)2−4(h00s10−h10s00)(h10s11−h11s10)

2(h10s11−h11s10)
,

(18)

which is always real (indeed, no complex values of copt can
be obtained by diagonalization of the three-body Hamiltonian
with the basis functions χ0 and χ1). Moreover, as we do
not want any unphysical nodes in �GEN

ARG, i.e. we want copt

to be positive, the plus sign is chosen in front of the square
root. Upon replacement into equation (16), one obtains the
expression of the energy EGEN

ARG in terms of only the three
charges and three masses. Analytical expressions for hmn and
smn can be derived in the general case but they are far too large
to be reproduced here (expansions in series or approximations
cannot be proposed since no quantity is, a priori, very small
or very large). However, they simplify in important subcases
as discussed in the next section.

4. Analytical expressions

4.1. Mean energy for the generalized Patil wavefunction
�GEN

Patil

In this section we derive an analytic expression for EGEN
Patil for

arbitrary masses and charges. To do this, we want first to
identify the origin of the correlation included in the generalized
Patil wavefunction through the presence of the (1 + ν12r12)

factor. �GEN
Patil is the exact solution of the following equation:

[D0 − E0] �GEN
Patil = z1z2

∂�GEN
Patil

∂r12
(19)

where the energy E0,

E0 = − ν2
13

2µ13
− ν2

23

2µ23

= − (z1z3)
2 µ13

2
− (z2z3)

2 µ23

2
= E[m1m3] + E[m2m3], (20)

is identical to that corresponding to the ground state of
the independent particle model (IPM) [17]. As can be
seen from equation (19), �GEN

Patil solves the D0 plus the
z1z2

∂
∂r12

operator which does not couple the coordinates.
The correlation factor (1 + ν12r12), multiplying the two-body
Coulomb functions in (14), satisfies a modified Coulomb
problem on the r12 coordinate where the additional term
z1z2

∂
∂r12

must be included.
By looking at equation (19), the mean energy for the full

three-body problem (8) when using the wavefunction �GEN
Patil is

given by E0 plus the mean values of the right-hand side of (19)
and of the D1 operator (equation (7)). The mean energy can
thus be separated into two terms

EGEN
Patil = EGEN

Patil,D0
+ EGEN

Patil,coup, (21)

where EPatil,D0 represents the energy given by the separable
part of the Hamiltonian (the three two-body Coulomb
problems)

EGEN
Patil,D0

= E0 +
(
NGEN

Patil

)2
z1z2 〈χ0| ∂

∂r12
|χ0〉 , (22)

and a coupling energy

EGEN
Patil,coup = (

NGEN
Patil

)2
3∑

i=1

1

mi

〈χ0|di |χ0〉, (23)

which is associated with kinetic energy transferred from one
pair of particles to the other, and is therefore always positive.
To express analytically the mean values defining EGEN

Patil,D0

and EGEN
Patil,coup, it is convenient to introduce the following

dimensionless ratios x = ν12
ν23

and y = ν13
ν23

. It turns out
that the three elements 〈χ0|di |χ0〉 (i = 1, 2, 3) are equal to
each other and are given by

〈χ0|di |χ0〉 = xπ2

2ν4
23y

3

[
3x − 2y

1 + 3y + y2

(1 + y)3

]
(24)

whereas

〈χ0| ∂

∂r12
|χ0〉 = xπ2

2ν5
23y

4

×
[

2y − x
3 + 9y + 11y2 + 9y3 + 3y4

(1 + y)3

]
(25)
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(
NGEN

Patil

)−2 = π2

ν6
23y

5

[
y2 − xy

3 + 9y + 11y2 + 9y3 + 3y4

(1 + y)3

+ 3x2 1 + 3y + 4y2 + 4y3 + 3y4 + y5

(1 + y)3

]
. (26)

4.2. Mean energy for the generalized �GEN
ARG wavefunction

As we mentioned in section 3, the general expressions for the
energy EGEN

ARG and the coefficient copt in terms of the three
masses and three charges are too large to be reproduced
here. Consider now the quite general case z1 = z2 < 0.
Then, for the two important subcases where m1 = m2 and
m3 → ∞, a relatively simple analytical expression can be
provided. Compact forms for the definitions of hij and sij can
be obtained in terms of the following dimensionless ratios:

r = m2

m3
, u = z2

z3
, t = m2

m1
. (27)

The value r = 0 corresponds to the virtual case of an infinitely
heavy particle 3.

4.2.1. m1 = m2. Let us consider the case where particles 1
and 2 are equal, m1 = m2 and z1 = z2. The energy is given
by equation (16) where

h00 = 4[35u3(1 + r)2 + 8u2(11r + 2 + 9r2)

− 20u(5 + 6r) + 64]

2h10ν
2
13 = 4[567u3(1 + r)2 + 96u2(9 + 25r + 16r2)

− 56u(32 + 35r) + 768]

h11ν
4
13 = 3

2 [10065u3(1 + r)2 + 64u2(312 + 467r2 + 779r)

− 2124u(13 + 14r) + 8704]

s00 = 8[24u2(1 + r)2 − 35u(1 + r) + 16]

2s10ν
2
13 = 24[168u2(1 + r)2 − 189u(1 + r) + 64]

s11ν
4
13 = 9[3680u2(1 + r)2 − 3355u(1 + r) + 896].

For the specific two-electron case (m1 = m2 = 1 and
z1 = z2 = −1), the energy is expressed in terms of the
nuclear charge z3 = Z and the nuclear mass m3. By further
considering an infinitely heavy nucleus (m3 → ∞), i.e. r = 0,
we find the expression given by equation (12) of [2].

4.2.2. m3 → ∞. In the case where particle 3 is taken as
infinitely heavy, and particles 1 and 2 have arbitrary masses, the
general expression for the energy EGEN

ARG reduces considerably.
It is given by equation (16) where

h00 = t3(1 + t)2[(1 + t)6 − u(3t4 + 7t3 + 5t2 + 7t + 3)(1 + t)2

+ u2(3t2 − 5t + 3)(1 + t)4

+ u3t (3 + 3t4 + 9t3 + 9t + 11t2)]

2h10ν
2
13 = t[6(t2 + 1)(1 + t)8 − 2u(1 + t)2b

+ 3u2(15t4 − 14t3 + 16t2 − 14t + 15)(1 + t)6 + u36td]

h11ν
4
13 = 3

2t
[(15t4 − 8t3 + 20t2 − 8t + 15)(1 + t)8

− u(t2 + t + 1)c + 3u2(1 + t)6(70t6 − 65t5 + 85t4 − 76t3

+ 85t2 − 65t + 70) + 5u3ta/(1 + t)2]

s00 = (1 + t)3t4[(1 + t)4 − u(3t4 + 9t3 + 11t2 + 9t + 3)

+ 3u2(1 + t)2(1 + t2)]

2s10ν
2
13 = 3(1 + t)t2[2(t2 + 1)(1 + t)6 − 2ud

+ 3u2(5t4 + 4t2 + 5)(1 + t)4]

s11ν
4
13 = 3

2
[3(5t4 + 4t2 + 5)(1 + t)7 − 5ua/(1 + t)

+ u215(1 + t2)(14t4 − 5t2 + 14)(1 + t)5],

and

a = 21 + 1044t8 + 833t9 + 147t11 + 1036t7 + 21t12

+ 147t + 455t10 + 455t2 + 1044t4 + 980t6

+ 833t3 + 1036t5

b = 15t8 + 69t7 + 135t6 + 158t5 + 142t4 + 158t3 + 135t2

+ 69t + 15

c = 105t10 + 560t9 + 1180t8 + 1287t7 + 991t6

+ 958t5 + 991t4 + 1287t3 + 1180t2 + 560t + 105

d = 5 + 54t6 + 25t + 25t7 + 70t4 + 70t3 + 54t2 + 5t8 + 70t5.

5. Numerical results

Let us now apply the proposed wavefunction (equation (12)) to
several three-body systems. First, we consider some specific
examples with unit charges z1 = z2 = −1 and arbitrary masses
(section 5.1). Then two important subcases for arbitrary
charges z1 = z2 < 0, z3 > 0 are discussed separately:
m1 = m2 (section 5.2) and m3 → ∞ (section 5.3).

5.1. Several three-body systems

Consider first the following negative hydrogen-like three-body
systems made of two electrons m1 = m2 and a third heavier
particle with charge z3 = 1: the ions ∞H−, H−, D−, T−

and muonium Mu−. All these systems have only one bound
11 S state which is also the ground state; they differ by the
mass m3 given respectively by ∞,mp = 1836.152701,md =
3670.483014,mt = 5496.92158 and mµ = 206.768262. To
allow for a numerical comparison with the reference energy
values of Frolov [6], we have taken the same mass values taken
from [18] (it is also assumed that the positive (µ+) and negative
(µ−) muon masses are equal). We also consider negative
hydrogen-like three-body systems where the two electrons are
replaced by two muons.

For these systems, the generalized Patil wavefunction
(equation (14)) fails to predict a bound state, i.e. condition
(3) is not satisfied. The ground-state energies predicted
by the generalized �GEN

ARG wavefunction (equation (12)) are
compared in table 1 with numerically ‘exact’ values taken
from the literature, when available. The energies of the
two-body subsystem E

[
m−

2 m+
3

]
are also given as reference

values.
Next, we consider variants of the helium atom, with charge

z3 = 2: the normal helium [e−e−He2+], the muonic helium
[e−µ−He2+] and [µ−µ−He2+], and three antihydrogen nuclei
helium [e−p−He2+], [e−d−He2+] and [e−t−He2+]. Except for
the [µ−µ−He2+] system, particle 1 is an electron (m1 = 1).

4
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Table 1. The numerically ‘exact’ mean energies for several negative hydrogen-like (z3 = 1) three-body systems are compared with those
obtained with the proposed wavefunction �GEN

ARG (equation (12)). Scaled values of c and of the normalization constant NGEN
ARG are also given.

Energies values are rounded off to the seventh digit.[
m−

1 m−
2 m+

3

] −E
[
m−

2 m+
3

] −Eexact −EGEN
ARG NGEN

ARG

/
ν2

23 c
/

ν2
13

∞H− [e−e−∞+] 0.5 0.527751a 0.519798 0.076822 0.0947236
1H− [e−e−p+] 0.499728 0.527446a 0.519484 0.076744 0.0947494
D− [e−e−d+] 0.499864 0.527598a 0.519641 0.076783 0.0947365
T− [e−e−t+] 0.499909 0.527649a 0.519693 0.076796 0.0947322
Mu− [e−e−µ+] 0.497593 0.525055a 0.517017 0.076130 0.0949525

[µ−µ−∞+] 103.3841 107.4778 15.8844 0.0947236
[µ−µ−p+] 92.92041 97.56729b 95.48211 12.9760 0.0999639
[µ−µ−d+] 97.87080 101.1317 14.3253 0.0973691
[µ−µ−t+] 99.63628 103.1578 14.8183 0.0964952

a Frolov [6].
b Frolov and Yeremin [4].

For the normal helium atom, particle 2 is an electron (m2 = 1)

while for the muonic helium atom, particle 2 is a muon
(m2 = mµ). For antihydrogen nuclei helium atoms, particle
2 is either p− (m2 = mp− = mp), d− (m2 = md− = md)

or t− (m2 = mt− = mt), where it is assumed that the
masses of the antiparticles m−

2 are the same as those of the
particles m+

2 (i.e. the same choice as in [5]). As the helium
nucleus He2+ mass is concerned we consider, in each case,
the three possibilities: 4He2+ (m3 = 7294.2996), 3He2+

(m3 = 5495.8852), and the (virtual) infinite mass case ∞He2+

(m3 = ∞) which is often taken as a reference. These masses
are the same as those considered by Frolov [7], and taken
from [19].

The ground-state energies for these helium-like systems
predicted by the generalized �GEN

ARG (equation (12)) and �GEN
Patil

(equation (14)) wavefunctions are compared in table 2 with
the numerically ‘exact’ values taken from the literature, when
available. The energies of the two-body subsystem [m−

2 m+
3]

are also given as reference values.
In view of the simplicity of �GEN

ARG, the results presented in
the two tables can be considered as rather good, and similar to
those obtained for example by Patil [20]. For larger values of
z3, the agreement with precise calculated values is even better.
Note also that the optimized values c

/
ν2

13 are always smaller
than 1, and for a given three-body system, do not vary much
with the choice of nuclear mass m3 (see also the next two
subsections). For the ∞H− ion and the normal helium atom
∞He, the energies corresponding to the wavefunction �GEN

ARG
were presented in [2]. For the cases where particle m−

2 is either
µ−, p−, d− or t−, the resulting energies in atomic units are
much larger since E[m2m3], which is essentially proportional
to m2, already provides most of the energy; one should keep
this in mind when visually comparing with numerically ‘exact’
values. The energy agreement we found is of the same relative
quality for all systems considered.

In table 2, results for the ground-state energy for the
antiprotonic helium are presented. One should keep in mind
though that the ground state, in this case, is short-lived
due to an antiproton annihilation on a nucleus, so that the
states of experimental interest are metastable states in the
continuum [14].

5.2. Case m1 = m2

Consider now the case where the two particles 1 and 2 are equal
m1 = m2, z1 = z2 < 0 (not necessarily of unit charge). The
optimized copt

/
ν2

13 and the energy predicted EGEN
ARG

/
E[m2m3]

depend only on the ratios r = m2/m3 and u = z2/z3. By
fixing the charge ratio u to a given value, we may then plot
these quantities as a function of r (see figures 1 and 2). We
observe that for u = −1/2, the ratio EGEN

ARG

/
E[m2m3] is always

greater than 1, so that the �GEN
ARG predicts a stable system for

any value of r ∈ [0, 1]. For u = −1 on the other hand, the
ratio EGEN

ARG/E[m2m3] is smaller than 1 for about r > 0.47 so
the three-body system is predicted not to be stable for these
values (and the curves are then represented by dotted lines).

Since the quantities copt
/
ν2

13 and EGEN
ARG

/
E[m2m3] vary

smoothly with the ratio r, in order to provide a useful predictive
tool, we may also give a simple polynomial fit of these curves.
For u = −1/2 (in this category we have, for example, the case
of the helium variants (z2 = −1, z3 = 2)), we find

copt
/
ν2

13 = 0.01[2.1966 + 0.499 15r + 0.32377r2 − 0.311 10r3

+ 0.191 12r4 − 0.105 28r5 + 0.056 306r6

− 0.029 776r7 + 0.015 502r8 − 0.007 8732r9]

EGEN
ARG/E[m−

2 m2+
3 ] = 0.01[144.77 − 14.344r

+ 6.6102r2 − 2.7228r3 + 1.0333r4

− 0.373 82r5 + 0.134 92r6 − 0.051 126r7 + 0.020 981r8

− 0.009 2084r9].

For u = −1 (in this category, we have, for example, the case
of the negative hydrogen variants (z2 = −1, z3 = 1)), we find

copt
/
ν2

13 = 0.01[9.4724 + 4.7368r − 0.696 74r2

− 0.432 07r3 + 0.567 66r4 − 0.440 10r5 + 0.292 81r6

− 0.185 98r7 + 0.119 93r8 − 0.081 364r9]

EGEN
ARG/E[m−

2 m+
3] = 0.01[103.96 − 11.649r + 9.3050r2

− 6.7775r3 + 4.5571r4 − 2.8469r5 + 1.6592r6

− 0.90620r7 + 0.468 47r8 − 0.234 75r9].

For given masses m1 = m2 and m3, and the ratio
u = z2/z3, one may directly find the optimal c value
and the corresponding energy. Suppose, for example, one

5
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Table 2. The numerically ‘exact’ mean energies for several helium-like (z3 = 2) three-body systems are compared with those obtained with
Patil wavefunction (equation (14)) and the proposed wavefunction �GEN

ARG (equation (12)). For the latter, scaled values of c and of the
normalization constant NGEN

ARG are also given. Energies values are rounded off to the seventh digit.

[m−
1 m−

2 m2+
3 ] −E

[
m−

2 m2+
3

] −EGEN
Patil −Eexact −EGEN

ARG 102 × NGEN
ARG

/
ν2

23 c
/

ν2
13

Normal helium
[e−e−∞He2+] 2 2.87658 2.90372a 2.89537 34.4595 0.0219657
[e−e−4He2+] 1.99973 2.87615 2.90330a 2.89493 34.4528 0.0219664
[e−e−3He2+] 1.99964 2.87601 2.90317a 2.89479 34.4506 0.0219666
Muonic helium
[e−µ−∞He2+] 413.5365 413.9199 414.0365b 414.0324 1.60016 0.0913076
[e−µ−4He2+] 402.1373 402.5206 402.6372b 402.6330 1.6221 0.0913269
[e−µ−3He2+] 398.5424 398.9256 399.0423b 399.0381 1.6292 0.0913331
[µ−µ−∞He2+] 413.5365 594.7859 598.6701 7125.14 0.0219657
[µ−µ−4He2+] 402.1373 576.7358 580.5536 6844.91 0.0221097
[µ−µ−3He2+] 398.5424 571.0520 574.8493 6756.85 0.0221579
Antihydrogen
nuclei helium
[e−p−∞He2+] 3672.305 3672.690 3672.802 0.536578 0.0909310
[e−p−4He2+] 2933.797 2934.182 2934.297c 2934.293 0.600106 0.0909514
[e−p−3He2+] 2752.655 2753.039 2753.155c 2753.151 0.619460 0.0909590
[e−d−∞He2+] 7340.966 7341.351 7341.462 0.379489 0.0909105
[e−d−4He2+] 4883.563 4883.947 4884.063c 4884.059 0.465114 0.0909248
[e−d−3He2+] 4401.428 4401.812 4401.924 0.489864 0.0909333
[e−t−∞He2+] 10993.84 10994.23 10994.34 0.310102 0.0908970
[e−t−4He2+] 6269.330 6269.714 6269.829c 6269.826 0.410493 0.0909192
[e−t−3He2+] 5496.403 5496.788 5496.899 0.438352 0.0909271

a Drake [8].
b Frolov [7].
c Smith and Frolov [5].

Figure 1. Energy ratio EGEN
ARG/E[m2m3] and optimal value copt/ν

2
13 as a function of r = m2/m3 for u = z2/z3 = −1/2.

wants to investigate the three-body system [µ−µ−3He2+]; one
calculates r = 206.768 262/5495.8852 = 0.037 622, and
directly finds from the above fits, with no extra effort needed,
the optimal value copt

/
ν2

13 = 0.022 158 and the energy ratio
EGEN

ARG

/
E[m2m3] = 1.442 380 so that EGEN

ARG = −574.849 in
agreement with the value reported in table 2.

Finally, we may study the stability of the three-body
system [m1m1m3]: when EGEN

ARG/E[m2m3] is greater than 1,

the �GEN
ARG predicts a stable system. For each ratio r = m1/m3

a critical value of the charges ratio u = z2/z3 is found. Rather
than giving a table or a plot, we provide the result in the form
of a polynomial fit. The three-body system is stable if the
condition

− 1

u
= −z3

z2
> 0.945 37 + 0.1465r − 0.082 21r2

+ 0.044 99r3 − 0.0196r4 + 0.004 43r5

6
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Figure 2. Energy ratio EGEN
ARG/E[m2m3] and optimal value copt/ν

2
13 as a function of r = m2/m3 for u = z2/z3 = −1. The three-body system

is predicted to be stable (solid lines) or unstable (dotted lines).

Figure 3. Energy ratio EGEN
ARG/E[m2m3] and optimal value copt/ν

2
13 as a function of u = z2/z3 for t = m2/m1 = 1. The three-body system is

predicted to be stable (solid lines) or unstable (dotted lines).

is satisfied. As a particular case, we may consider an infinitely
heavy m3 particle (r = 0), so that the critical charge ratio is
−z3/z2 > 0.945 37. This value has to be compared to 0.911 02
given in the literature [21].

5.3. Case m3 → ∞
Consider now the case where particle 3 has a virtual infinite
mass, and still z1 = z2 < 0 (not necessarily of unit
charge). The optimized copt

/
ν2

13 and the energy predicted
EGEN

ARG

/
E[m2m3] depend only on the ratios t = m2/m1 and

u = z2/z3. By fixing the mass ratio t to a given value, we
may then plot these quantities as a function of u (see figure 3).
For example, for t = 1 (m1 = m2) we are in the situation
of the previous section when r = m2/m3 = 0. The ratio

EGEN
ARG

/
E[m2m3] is smaller than 1 for −1/u < 0.94537 so that

the three-body system is predicted not to be stable for these
values (and the curves are then represented by dotted lines).
For particles 1 and 2 of unit charges this means that the critical
charge is again z3 = 0.94537. Other values of the mass ratio
t can be easily considered in a similar way.

Since the reduced quantities vary smoothly with the ratio
u, we have made a polynomial fit and found, for example for
t = m2/m1 = 1,

c opt
/
ν2

13 = −7.762 54 × 10−7 − 0.002 66u + 0.106u2

+ 0.101 82u3 + 0.146 09u4 + 0.086 96u5 + 0.028 74u6

E GEN
ARG

/
E[m2m3] = 2.000 02 + 1.251 37u + 0.255 14u2

− 0.149 31u3 − 0.191 45u4 − 0.105 42u5 − 0.027 46u6.

7
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With these fits one may easily recover the energies given in
tables 1 and 2 for the ∞H− and ∞He infinite nuclear mass
systems, whether the light particles 1 and 2 are electrons
or muons. Take for example the ∞H− system for which
u = −1; with the above fit, one finds copt

/
ν2

13 = 0.094 7092
and EGEN

ARG

/
E[m2m3] = 1.039 61 , which for electrons yields

EGEN
ARG = −0.519 805 and for muons EGEN

ARG = −107.4792 in
good agreement with the result presented in table 1.

The fits can also be used to estimate the ground-state
energy of other infinite nuclear mass helium-like ions with two
arbitrary light particles. For example, consider the nucleus to
be ∞Li3+: then u = −1/3 , and from the above fits one finds
copt

/
ν2

13 = 0.010 3777 and EGEN
ARG

/
E[m2m3] = 1.614 808.

One thus finds EGEN
ARG = −7.266 64 for the [e−e−∞Li3+] system

(in agreement with the value already given in [2], and in fair
agreement with the numerically ‘exact’ value −7.2799 [8]) and
EGEN

ARG = −1502.51 for the [µ−µ−∞Li3+] system. Note that
the energies obtained in this way are proportional to E[m2m3]
and hence scale as m2.

Finally, we may study the stability of the three-body
system [m1m2∞]. For each ratio t = m2/m1 a critical
value of the charges ratio u = z2/z3 is found in order to have
E[m1m2m3]/E[m2m3] > 1. With the �GEN

ARG, the three-body
system is predicted to be stable if the condition

− 1

u
= −z3

z2
> 1.257 22 + 0.086 55t − 0.182 97t2

− 0.480 18t3 + 0.264 58t4

is satisfied. It is interesting to note that this equation gives
an analytical expression for z3 as a function of z2 and t, i.e.
z3 = z3 (z2, t) (or alternatively an expression for t as a function
of z2 and z3, i.e. t = t (z2, z3)). In the limit case where the
greater symbol is replaced by the equal sign, the solution of
a fourth power polynomial leads to analytical expressions for
the critical charge.

6. Concluding remarks

We have proposed a simple wavefunction for the ground state
of three-body Coulombic systems with arbitrary charges in
which one of the particles (positively charged) is heavier
than the other two (negatively charged). The wavefunction
�GEN

ARG (equation (12)), with c replaced by its optimal value
(equation (18)) in terms of (mi, zi) : (i) has the same form
for all systems; (ii) is parameter-free; (iii) is nodeless; (iv)
satisfies, by construction, all two-particle cusp conditions; and
(v) yields reasonable ground-state energies for several systems.
Of course, because of its simple form, the wavefunction �GEN

ARG
has its limitations since it does not contain all the necessary
ingredients like, for example, the correct asymptotic form at
large interparticle distances. The behaviour when one light
particle is far away from the others is included, for example,
in the analytical wavefunction proposed by Patil [20] which
is quite adequate for a particular system such as [e−µ−He2+]
(as studied in [20]) since the electron will tend to be far from
the nucleus and the muon; the same wavefunction, though,
is not as efficient for other three-body systems. In contrast
to his proposal, our wavefunction has the advantage that it

is nodeless, it satisfies exactly all Kato cusp conditions and
has the same form for all the systems. On the other hand, we
are aware that �GEN

ARG cannot compete with advanced variational
wavefunctions which involve large numbers of basis functions.
The latter, however, (i) do not have a predictive character and
have to be optimized each time for different systems; (ii) in
most cases, do not satisfy exactly Kato cusp conditions.

The simplicity of the proposed wavefunction is such
that analytical expressions for the ground-state energy can be
derived (other expectation values as those given in our previous
paper [2] can also be given). Hence, the results provide a
useful predictive and simple tool to estimate the energy, and
therefore to study the stability, of exotic Coulombic three-body
systems. As an example, one may easily observe the evolution
of the system’s energy by varying one of the masses or one
of the charges. Besides, �GEN

ARG can be useful as an easy-to-
use wavefunction when testing collision models with exotic
systems.

An investigation of molecular three-body systems with a
similar approach can be envisaged. It is not clear, however,
if the same simplicity and analytical character of the present
results will be easily tractable.
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