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Abstract

In this work we present the FORTRAN code to compute the hypergeometric functionF1(α,β1, β2, γ , x, y) of Appell. The
program can compute theF1 function for real values of the variables{x, y}, and complex values of the parameters{α,β1, β2, γ }.
The code uses different strategies to calculate the function according to the ideas outlined in [F.D. Colavecchia et al.,
Phys. Comm. 138 (1) (2001) 29].

Program summary

Title of the program:f1
Catalogue identifier:ADSJ
Program summary URL:http://cpc.cs.qub.ac.uk/summaries/ADSJ
Program obtainable from:CPC Program Library, Queen’s University of Belfast, N. Ireland
Licensing provisions:none
Computers:PC compatibles, SGI Origin2*
Operating system under which the program has been tested:Linux, IRIX
Programming language used:Fortran 90
Memory required to execute with typical data:4 kbytes
No. of bits in a word:32
No. of bytes in distributed program, including test data, etc.:52 325
Distribution format: tar gzip file
External subprograms used:Numerical Recipeshypgeo [W.H. Press et al., Numerical Recipes in Fortran 77, Cambr
Univ. Press, 1996] orchyp routine of R.C. Forrey [J. Comput. Phys. 137 (1997) 79], rkf45 [L.F. Shampine and H.H. W
Rep. SAND76-0585, 1976].
Keywords: Numerical methods, special functions, hypergeometric functions, Appell functions, Gauss function

✩ This paper and its associated computer program are available via the Computer Physics Communications homepage on Sc
(http://www.sciencedirect.com/science/journal/00104655).
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Nature of the physical problem:Computing the AppellF1 function is relevant in atomic collisions and elementary part
physics. It is usually the result of multidimensional integrals involving Coulomb continuum states.
Method of solution: The F1 function has a convergent-series definition for|x| < 1 and |y| < 1, and several analyti
continuations for other regions of the variable space. The code tests the values of the variables and selects one of the
cases. In the convergence region the program uses the series definition near the origin of coordinates, and a numerical
of the third-order differential parametric equation for theF1 function. Also detects several special cases according to the v
of the parameters.
Restrictions on the complexity of the problem:The code is restricted to real values of the variables{x, y}. Also, there are
some parameter domains that are not covered. These usually imply differences between integer parameters that lead
integer arguments of Gamma functions.
Typical running time: Depends basically on the variables. The computation of Table 4 of [F.D. Colavecchia et al., C
Phys. Comm. 138 (1) (2001) 29] (64 functions) requires approximately 0.33 s in a Athlon 900 MHz processor.
 2003 Elsevier B.V. All rights reserved.

PACS:02.60.Gf; 02.30.Gp; 34.50.Fa
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1. Introduction

In this work we present the Fortran code to comp
the F1(α,β1, β2, γ , x, y) hypergeometric function o
Appell for real values of the variablesx and y, and
complex parameters{α,β1, β2, γ }. The procedure wa
sketched in [1], and we will here devote our attent
to the code.

TheF1 functions are usually defined in terms of t
double series [5]

F1(α,β1, β2, γ , x, y)

(1)=
∑
m,n

(α)m+n(β1)m(β2)n

(γ )m+nm!n! xmyn.

This series is convergent when:

(2)|x| < 1 and |y| < 1.

From a numerical point of view the double summ
tion poses different problems to analyse its conv
gence. Besides, the numerical region of converge
is smaller than the mathematical one, as usually h
pens with special functions defined by series sum
tions [2]. Of course, the series (1) cannot be used
side the convergence region (2), and the function
to be extended to the complete{x, y} plane by proper
analytic continuations.

In our previous work [1], hereafter referenced
paper 1, we presented the basis of a numerical sch
to compute the hypergeometric functionF1 for all
values of the real variables{x, y}. To this end, we
divided the real plane of variables into the converg
and into the divergent region, according to (2).
compute the function outside the convergence reg
we use eight different analytic continuations, giv
by Eqs. (21) through (30) of [1]. These analy
continuations are written in terms of the AppellF1 and
theG2 function [7,8] given by

G2(β1, β2, γ1, γ2, x, y)

= (1+ x)−β1(1+ y)−β2

(3)

× F2

(
1− γ1 − γ2, β1, β2,1− γ1,

1− γ2,
x

x + 1
,

y

y + 1

)
,

which is an independent solution of the hypergeom
ric system of equations forF1. The aim of the ana
lytic continuations is to map the pointP = (x,y) from
outside to inside the convergence region. To determ
which analytic continuation we need to use, we tra
form the point(x, y) to the point(u, v), according
to Table 1 of [1]. These transformations represent
mapping of each analytic continuation from outside
inside the convergence region. Then we measure
effective distance in each possible region as

(4)tmax=
√

w2 + u2

and choose the analytic continuation that minimi
tmax.

When the point is in the convergence regio
whether originally or from an analytic continuatio
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Table 1
Files in the distribution

check_parms.f90 Checks the parametersα,β1, β2, γ .
driver.f90 Main program.
f1bnl.f90 F1 function, Eq. (5).
f1conv.f90 F1 function in the convergence region.
f1v3.f90 F1 function.
f1.data Input file for test 1.
f21r.f Gauss function wrapper.
f2.f90 F2 andG2 functions.
f2gam.f90 Some special cases ofF2 function.
gamma.f90 � function.
get_transformation2.f90 Gets the analytical continuation to be used.
hypdrvf1.f90 Computes the functions and derivatives in Eq. (6).
hypgeof1.f90 Integration of Eq. (6).
hypstartf1.f90 Compute initial values forhypgeof1.
isneg.f90 Checks whether an integer is negative or not.
writef1.f90 F1 function output routines.
table2new.dat Output of test 2, see Fig. 1.
table3.dat Output of test 3, see Fig. 2.
table4.dat Output of test 4, see Fig. 3.
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we check its distance from the origin. For distanc
smaller thant0 = 0.5 we use the single-index s
ries [10]

F1(α,β1, β2, γ , x, y)

(5)

=
∑

r

(α)r (β1)r (β2)r(γ − α)r

(γ + r − 1)r (γ )2rr! (xy)r

× 2F1(α + r, β1 + r, γ + 2r, x)

× 2F1(α + r, β2 + r, γ + 2r, y),

while for larger distances we solve the third-order d
ferential equation for the parametric functionz(xt, yt)

[9]

zδ(−2+ γ + δ)(−1+ γ + δ)

− z(α + δ)(−1+ γ + δ)t
(
x(β1 + δ) + y(δ + β2)

)

(6)
+ t2xyz(α + δ)(1+ α + δ)(β1 + δ + β2) = 0,

where the differential operator is defined asδ = d
dt

. In
this way we can compute theF1 function confidently
in the whole of the convergence region (2). Th
means that the mapping of the analytic continuati
is complete and covers the whole two-dimensional
space of variablesx andy.
2. The code

Most of the code was written with a minimal u
of features of Fortran 90, so can be easily transform
to Fortran 77. Table 1 summarizes the files contai
in the distribution. Note again that the computation
the Gauss hypergeometric function [2,3] and the in
gration routines [4] are not included in the packa
but can be downloaded from the Web. The entry po
for the calculation is the complex functionf1 and re-
ceives the arguments{α,β1, β2, γ , x, y}. The routine
first checks if the function reduces to one of the s
ple cases or polynomial transformation and it ca
get_transformations. This routine performs a
sequential minimization of thetmax, Eq. (4) and re-
turns the integerflag. This value is set to zero if w
are going to use the single series (5) or to one if
integration of the differential equation is needed. A
other value offlag correspond to an analytic con
tinuation. To ease the tracing of the code we set
value offlag to the equation numbers for each an
lytic continuation of paper 1. The logical variableis-
possible is set true if the code is actually able
perform the computation; it also helps in the deb
ging process.

Once theflag value is set, the functionf1 ex-
ecutes each of the different possibilities. The c
culation in the convergence region is performed
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e
Fig. 1. Output off1 for test number 2, Eq. (8). Columns are: the variablesx, y; the computed functions|F1| and the reduction (8); and th
relative error of the calculation. See text for details.
a-

ing
the

ms,
to

) is
tta

es

ical

dif-
nc-
ion

n,
k-

, we
he
e of

in-
se.

n.
ome
ion
f1conv. This function decides whether a summ
tion of the series is needed (throughf1bnl) or if it
is required to integrate the differential equation, us
hypgeof1. The summation of the series checks
relative convergence against a predefined valueeps
and, even though it has set a maximum of 300 ter
we have found that only a few terms are needed
get convergence in out tests. The integration of (6
performed by a Felbherg four–fifth order Runge–Ku
method, provided by the routinerkf45 [4], while
hypdrvf1 computes the function and the derivativ
needed by the integrator.

The calculation can be traced by setting the log
flag debug to true. A complete tracing tells which
analytic continuation has been selected, and the
ferent intermediate values of the hypergeometric fu
tions involved. The computation of the Gauss funct
in the code is performed with thehypgeo function
of Numerical Recipes [2] through a wrapper functio
calledf21. This provides a convenient way of chec
ing different codes for computing the2F1 function. We
have tested thechyp function of Forrey [3]. The lat-
est one is faster and gives accurate results. But
found that it fails to converge when the variable of t
Gauss function is near 1. This is the case for som
the calculation of the series with thef1bnl routine
in Table 3 of [1]. Note however thatf1conv would
not have this problem, because it would choose to
tegrate the partial differential equation in this ca
Moreover, the caseβ1 + β2 = γ is exactly treated in
f1, reducing the function to an analytical expressio

Besides the main stream of the code, there are s
auxiliary routines that are used in the computat
of the Appell function. We include agamma and
gammar routines that calculate the Gamma�(z)

and the reciprocal Gamma 1/�(z) functions. The
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ect to the

Fig. 2. Output off1 for test number 3, Eq. (9). Columns are: the variablesx, y; the |F1| function computed by series summation, the|F1|
function computed by the differential equation integration, and the exact value (9); and the relative errors of each calculation resp
exact result.
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latter takes care of the possible poles of the Gam
function in such a way that over/underflows and
appearances of numerical infinites in the computa
are avoided. TheG2 function is obtained in terms o
the hypergeometricF2. The routinef2 uses the single
index sum [10]

F2(a,β1, β2, γ1, γ2, x, y)

(7)

=
∑

r

(a)r(β1)r (β2)r

(γ1)r (γ2)r r! (xy)r

× 2F1(a + r, β1 + r, γ1 + 2r, x)

× 2F1(a + r, β2 + r, γ2 + 2r, y)
to computeF2. Although this series has a sma
region of convergence, it is only used after an anal
continuation of theF1 function. This guarantees th
numerical convergence of (7).

The main program contained indriver.f90
allows the user to select from four different tes
Test number one computes only oneF1 function,
reading the input variables and parameters from
file f1.data. The next three tests correspond
each of the three tables of [1]. Test two checks
computation of theF1 function in the convergenc
region for α = γ . In this case the hypergeometr
reduces to:

(8)F1(α,β1, β2, α, x, y) = (1− x)−β1(1− y)−β2.
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Fig. 3. Output off1 for test number 4, Eq. (10). Columns are: the variablesx, y; the |F1| function computed by the code, the|2F1| function,
and the exact value (10). The last two columns show the relative errors of each calculation respect to the exact result. The same relative error in
the last column shows that the|2F1| code is actually using the reduction (10).
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We also setα = γ = 1, β1 = 2 + i andβ2 = 3
2 − i

2.
The output of the run is in Fig. 1. Test three compa
the direct summation and the integration routine w
the exact reduction ofF1 for γ = β1 + β2:

F1(α,β1, β2, β1 + β2, x, y)

= (1− y)−α

(9)× 2F1
(
α,β1, β1 + β2, (y − x)/(y − 1)

)
.

In this case, we setα = 1, β1 = 3 + i, β2 = 2 − i
2

andγ = β1 + β2 = 5 + i
2. The output of the code i

shown in Fig. 2. Finally, test four computes a particu
case of (9). Whenα = −1

2, β1 = 2, β2 = 1 andγ =
β1 + β2, the Gauss function of (9) further reduces t

2F1

(
−1

2
,2,3, z

)

(10)= 4

15
(1− y)−α

[
2− (2+ 3z)(1− z)3/2].

The Appell function is computed in a grid−3.5 �
{x, y} � 3.5 with unit stepsize in each variable, testi
all the analytical continuations included in the co
(see Fig. 3). We take this opportunity to note th
Table 2 of [1] is not correct for positive values ofx:
the values of theF1 and the analytic expression(1 −
x)−β1(1 − y)−β2 were computed for differentx, y

pairs that those printed in that table.

3. Discussion and outlook

Thef1 code presented was thoroughly used in
calculation of differential and total ionization cro
section in ion–atom collisions, using a correlated w
function proposed a few years ago [6]. The AppellF1
function appears in these calculations as an analy
result of a tridimensional integration of products
Coulomb functions. The code has proven to be m
efficient and has given more accurate results in th
calculations than the direct numerical integration.

We tried to introduce in the code, most of t
special cases that arise for particular sets of varia
and/or parameters. However, the number of poss
ways to reduce theF1 function is huge, and there is
chance that the code could not give the correct re
for a particular set of parameters{α,β1, β2, γ }. We
have been careful to add comments and structure
code in such a way that these exceptional cases ca
introduced easily in the routines.

We are currently working on the extension
these routines to complex variables. This requ
the introduction of other analytic continuations a
improved mapping techniques to the converge
region.
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