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Abstract

In this work we present a correlated wave function for a three-body continuum Coulomb problem. This state is

described by the two-variables U2 hypergeometric function. We examine the properties of this function and their dif-

ferences with previous uncorrelated models. The U2 wave function can be considered as a ®nal state of ion±atom

ionizing collisions, giving rise to both undistorted (Born-U2) and distorted (EIS-U2) models. We obtain double dif-

ferential cross sections with the Born-U2 theory for proton±helium collisions in the intermediate to high energy regime.

They exhibit all the main features of the electronic emission process and agree with the experimental data. Ó 1999
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1. Introduction

Three main characteristics arise in the ejected
electron spectra in ionizing ion±atom collisions:
the soft electron peak (SE), a structure in the re-
gion where the electrons are ejected with small
velocities relative to the target; the electron cap-
ture to the continuum (ECC) state of the projec-
tile given by a sharp peak centered at the
projectile velocity and the binary sphere (BE), a
smooth structure where the electrons would lie
after a head-on collision with the projectile. An
enhancement of the electronic emission with ve-
locities between zero and the projectile velocity

(ridge electrons) connects the SE and ECC peaks.
While these structures have been very well studied
along the years, many questions are still unsolved.
Some kinematically complete experiments have
been carried out [1], but double di�erential cross
sections (DDCS) in the forward direction for the
simple proton-atomic hydrogen collision have not
been measured yet. There are many theoretical
approaches to the ionization problem, but they
are accurate for some impact energies and regions
of the spectra of emitted electrons [2]. Further-
more, these theoretical models give only a rough
approach to the dynamic of the three-body Cou-
lomb problem. The main shortcoming of these
theories is that they do not explicitly include the
correlation between the motion of the electron
relative to the target and the projectile. For
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example, the multiple scattering [3], the continu-
um distorted wave [4±6] and the impulse approx-
imation [7] have a common representation of the
®nal channel when the electron is in the continu-
um of both the target and projectile. This ®nal
state is the well known C3 function [3], where all
interactions are taken independently, resulting in
a product of three two-body Coulomb wave
function. Recently, some modi®ed functions have
been proposed that take into account some as-
ymptotic properties when two particles are close
to each other and far from the third [8±11].
However, calculation of DDCS with these func-
tions is numerically di�cult and does not seem to
improve the agreement with experimental data.
Hence it is clear that a more comprehensive the-
ory is necessary to obtain a complete description
of the ionization process.

In this work we present a theory based on a
correlated approximate solution of the three-body
continuum Coulomb problem. This solution can
be written as the multivariable hypergeometric
function U2 of Erdelyi [12,13]. In Section 2 we
describe the properties of the U2 wave function
and the possible extensions of this approach. In
Section 3 we develop the undistorted and distorted
versions of the theory and describe some features
of the DDCS obtained with these models. Finally,
we discuss some perspectives of this theory in
Section 4. Atomic units are used unless otherwise
is noted.

2. The correlated model U2

The C3 approach is a non-correlated wave
function which has been used to represent the
motion of three charged particles when the total
energy of the system is greater than the total
break-up [3]. It does not consider coupling be-
tween the three two-body subsystems. We remove
the energy E � k2

t =2lt � K2
t =2mt replacing the an-

satz

W rt;Rt� � � exp�ikt � rt � iKt � Rt�W rt;Rt� �

in the time-independent Schr�odinger equation
H ÿ E� �W � 0 and then write the resulting equa-

tion in terms of the parabolic coordinates intro-
duced by Klar [14]

ni � ri � k̂i � ri; gi � ri ÿ k̂i � ri; i 2 ft; p; tpg:
The momenta Kt and kt form a Jacobi pair, and ri

and ki (i 2 ft; p; tpg are the relative coordinate and
momenta between pairs of particles (we follow the
notation of Ref. [15]). The equation that governs
the dynamics of the system is

D0� � D1 � V �W � 0; �1�
where

D0 � Ht � Hp � Htp; �2�
D1 � 1

me

Wt Wp � 1

mt
Wt Wtp ÿ 1

mp
Wp Wtp; �3�

V � Vt � Vp � Vtp �4�
and Vt � ZeZt=rt, Vp � ZeZp=rp and Vtp � ZtZp=rtp

are the Coulomb potentials due to the charges Ze,
Zt and Zp; and the operators Hj and Wj are given by

Hj � 1

ljrj
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For the case of two heavy (mt and mp) and a

light (me) particles, D1 could be approximated by
the ®rst term in Eq. (3). The solution of the general
Eq. (1) or that resulting after the masses simpli®-
cations is unknown at present. Nevertheless, by
considering the operator D1 in an approximated
way it is possible to obtain a function which cor-
relates the motion of the small particle with the
heavy ones. We introduce the following approxi-
mation:
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and furthermore assume solutions depending on ni

only, that give outgoing waves. Solving the equa-
tion which results replacing Eq. (7) in Eq. (1) we
get the approximated three-body solution
WU2

rt;Rt� � [16,17]

WU2
rt;Rt� � � 1F1

�ÿ iatp; 1;ÿ iktpntp

��WU2

f rt;Rt� �;
�8�

WU2

f rt;Rt� � � N exp�ikt � rt � iKt � Rt�
� U2

�ÿ iat;ÿ iap; 1;ÿ iktnt;ÿ ikpnp

�
;

where 1F1 b; c; z� � is the con¯uent hypergeometric
function [18]. The U2 b; b0; c; x; y� � is a generalized
con¯uent hypergeometric function of two vari-
ables [19], ai are the Sommerfeld parameter i.e.
at � ltZtZe=kt and the normalization constant N to
unit outgoing ¯ux is given by

N � NtpNU2

� ep=2atpC 1ÿ iatp

ÿ �� �
ep=2 at�ap� �C 1ÿ iat ÿ iap

ÿ �h i
;

�9�
with C x� � the gamma function. The wave function
given by Eq. (8) satis®es the Redmond asymptotic
conditions [20]. Another useful expression for
WU2

rt;Rt� � is [21]

WU2
rt;Rt� �
� N exp�ikt � rt � iKt � Rt� 1F1 ÿ iatp; 1;

� ÿ iktpntp

�
�
X1
m�0

amFt m; nt� �Fp m; np

� �
; �10�

where

Fj m; nj

� ��ÿÿ kjnj

�m

1
F1

�ÿ iaj � m; 1� 2m;ÿ ikjnj

�
;

j 2 ft; pg; �11�

am �
ÿ iat� �m ÿ iap

ÿ �
m

m!�m�m�1�2m

; �12�

and �a�m is the Pochhammer symbol. In Eq. (10),
the U2 function is written as a series expansion in
terms of the solutions of two-dimensional oscilla-
tors [22]. We would like to note that each product
Ft m; nt� �Fp m; np

� �
satis®es the correct asymptotic

conditions in the region where all particles are far

from each other and can be considered itself as a
®nal wave function for an ionization process. A
natural generalization of function WU2

f can be
constructed upon a sum over all of these product
states with di�erent coe�cients am. The ®rst term
of Eq. (10) is, besides of the normalization con-
stant, the non-correlated C3 wave

WC3 rt;Rt� � � NC3 exp�ikt � rt � iKt � Rt�
� 1F1� ÿ iat; 1;ÿ iktnt�
� 1F1

�ÿ iap; 1;ÿ iktpnp

�
� 1F1

�ÿ iatp; 1;ÿ iktpntp

�
; �13�

NC3 � e
p
2
�at�ap�atp�C 1� ÿ iat�C 1

ÿ ÿ iap

�
C 1
ÿ ÿ iatp

�
:

�14�
It is also possible to obtain other correlated

solutions depending on di�erent parabolic coor-
dinates using the approximation (7), these function
will have di�erent asymptotic behavior in the X0

region [8,14,22].
In the C3 model the normalization is given by a

superposition of three two-body normalizations
ep=2aiC 1ÿ iai� �. Meanwhile, in the U2 model, the
associate normalization is correlated. As we can
see, NU2

include both Sommerfeld parameters in a
single non-separable Gamma function. In Fig. 1
we show the square modulus of NC3 and N as a
function of kt for Kt � 2 a.u., Zt � Zp � 1 and
Ze � ÿ1. The picture shows that the normalization
N is more symmetrical than NC3. As we shall see
Section 3, the U2 model gives a contribution to the
asymmetry of the ECC peak larger than in the C3,
we should look for the reason of this behavior in
the whole wave function. When the charge Zt or Zp

becomes large or ktp becomes small both N and NC3

give rise to equivalent exclusion hole, produced by
the repulsion between the charges of the same sign.
We note that in the present approach the repulsive
interaction remains uncorrelated, as in the C3
wave model.

A plot of the di�erent orders of WU2

f rt;Rt� � as
was de®ned by Eq. (10) leads us to understand
how the correlation appears. We plot a particle
distribution de®ned by the square modulus of
WU2

rt;Rt� � in terms of the parabolic coordinates,
using the same charges and momenta as in Fig. 1.
In this way we get a particle distribution of an
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electron in the ®eld of two protons. Fig. 2a±d show
that when m increases the particle distribution
moves away from the direction where asymptoti-
cally the particles move, and on the other hand,
the amplitude as a whole decreases. It could be
noted that the correlation introduced by the U2

model is determined by the interference given by
the cross products, when Eq. (10) is squared. In
Fig. 3 we see a contour plot of the interference
between the terms m � 0 and m � 1 in the rt-plane,
the values of charges and momenta are those of
Fig. 2. The particle Zt is in the origin of the co-
ordinates and the vector rp was written in terms of
rt and Rt with Rt � 6 a.u. In the asymptotic region
X0, the correlation introduced by the U2 model is
of order O 1=rt; 1=Rt� �.

The behavior of the wave function in the
threshold regions determines the double di�eren-
tial cross sections (DDCS's) around of the SE and

ECC cusps for an ionizing collision process. For
example, when kp ! 0

WU2
rt;Rt� � � N exp�iKt � Rt�

�
X1
m�0

ÿ iat� �m
m!�m�m

J2m 2
�������������
ZpZenp

qh i
� Ft m; nt� �; �15�

where Jm�z� is the Bessel function [18]. Correlation
is introduced by orders with m 6� 0. The shape of
the ECC peak is determined by the successive
Bessel functions.

3. DDCS in the U2 approximation

In this section we introduce two di�erent ap-
proximations to calculate transition matrices and
DDCS's within the U2 framework. In Fig. 2 we
observe that the expansion (10) is strongly con-
vergent. This expansion allows us to obtain ana-
lytical expressions for the transition matrices in
di�erent approximations. We consider that the
energy of the incident particle is high enough so
that the heavy projectile follows a straight trajec-
tory. In this case, using the impact parameter
treatment, the internuclear potential and the wave
function for the relative motion of the heavy par-
ticles do not contribute to double di�erential cross
sections (di�erential in the electron velocity) [23].
Then, a general transition matrix in the prior form
in a U2 approximation is

T � WU2

f Vij jWi

D E
;

where Vi is the perturbation potential acting on the
initial state Wi. From Eq. (10), the state jWU2

f i can
be written as

WU2

f

��� E
� N

X
m

am vm
p

��� E
vm

t

�� �
; �16�

with

rjjvm
j

D E
� uqj

�rj�Fj m; nj

� �
; �17�

Fig. 1. Square modulus of NC3 and N as a function of kt for

Kt � 2 (a.u.), Zt � Zp � 1 and Ze � ÿ1. Solid line, N approx.;

dashed line, NC3.

G. Gasaneo et al. / Nucl. Instr. and Meth. in Phys. Res. B 154 (1999) 32±40 35



where uk�r� represents the plane wave exp �ik � r�,
qt � kt � Kf and qp � ÿKf . The transition matrix
reads

T U2 � N
X

m

amTm; Tm � vm
p vm

t Vij jWi

D E
: �18�

In this way, the partial matrices Tm resemble the
familiar expressions that appear in the calculation
of DDCS's in ionization theory. It is clear that
di�erent approximations will correspond to dif-
ferent choices of the initial state and its resulting
perturbation. The present approach to the transi-
tion matrix enables us to test a large variety of
generalized multivariable hypergeometric func-
tions for the ®nal state, that di�er in the set of
coe�cients famg.

A ®rst test of the multivariable continuum wave
function is built upon the Born Approximation
[23]. This is the case of the so-called Born-U2 ap-
proximation (thereafter B-U2), where the function
WB

i is the undistorted initial state of the electron in
a hydrogenic atom

Rt rtjWB
i


 � � uKi
�Rt�wi�rt� � uKi

�rt�uÿKi
�rp�wi�rt�;

Fig. 2. Particle distribution of an electron in the ®eld of two protons. (a)±(d) show the terms of the series m� 1, 2, 3 and 4 in parabolic

coordinates nt and np and kt � kp � 1 (a.u.).

Fig. 3. Contour plot of the interference between the terms

m � 0 and m � 1 in terms of the Cartesian coordinates of the

vector rt. The charges and momenta are equal to those used in

Fig. 2. The origin of the coordinates is over the particle Zt and

Rt � 6 (a.u.).
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and we have considered mp;mt � me, the electron
mass. The perturbing potential is simply V B

i rp

ÿ � �
ÿZp=rp and wi�rt� represents an hydrogenic ground
state. The partial transition matrices are Nor-
dsieck-like integrals, where the second parameter
of the hypergeometric functions F �m; nj� is an in-
teger number 1� 2m [24]. Then, Tm splits in target
centered times projectile centered partial transition
matrices, Tm � ~T m

p
~T m

t . The ®nal expressions are not
shown here for brevity [25]. Except for a normal-
ization factor, the ®rst order m � 0 in the series
representation (Eq. 18) is the commonly known
Born-C2 approximation, where the ®nal state of
the electron is represented by a C3 wave function
and the internuclear interaction is removed by an
impact parameter approximation. Then, the C3
function reduces to the product of two outgoing
Coulomb wave functions (C2 wave function) and
T BÿC2 � NtNpT 0

p T 0
t where Nl are the normalization

factors. Furthermore, by setting ap � 0 and m � 0
we recover the well known First Born Approxi-
mation [26], i.e. T FBA � NtT 0

p ap � 0
ÿ �

T 0
t .

A more advanced approximation includes an
asymptotically distorted initial state, giving rise to
the EIS-U2 (or CCW±EIS, Continuum Correlated
Wave±Eikonal Initial State) model

rtrpjWEIS
i


 � � uKi
�Rt�wi�rt�Evi�rp�;

where Ek�r� � exp�iai ln kg� is the eikonal wave
function for the electron±projectile interaction,
ai � Zp=vi is the initial channel Sommerfeld pa-
rameter, and the perturbation potential reads

V EIS
i � ÿ

r2
rp

2lp
� 1

me

rrp � rrt :

The transition matrix is expressed in the same way
as Eq. (18), but since now the perturbation po-
tential is a sum of two terms, we have

Tm � vm
p vm

t V EIS
i

�� ��WEIS
i

D E
� Im � Jm; �19�

where Im � Ip
mI t

m and Jm � Jp
m � Jt

m. The situation is
not as simple as in the B-U2 approximation, be-
cause now the partial transition matrices are given
in terms of the two-variable F1 hypergeometric
functions and its derivatives [19]. We note that

when m � 0 these expressions reduce to the usual
CDW±EIS approximation in prior form [27]. We
have developed a code to compute the transition
matrices in this approximation, but calculation of
DDCS is extremely expensive in computing time.
Here we restrict our attention to the Born-like
theories, that give a rough estimation of the in-
¯uence of the U2 function. The evaluation of T m

p
and T m

t involves the computation of derivatives,
that has been carried out by a recursive routine
that implements the properties of products and
composition of derivatives [28]. As we have
pointed out before, the series that represents the
transition matrix inherits a strong numerical con-
vergence of Eq. (10), for this reason it is necessary
to sum only few terms of the series (commonly no
more than ®ve), that is to say

T U2 � T U2
M � N

XM

m�0

amTm: �20�

The DDCS in the electron energy and emission
angle is de®ned as

r E;X� � � d2r
dE dX

� �2p�4mi
kt

Ki

Z
Tj j2 dXp;

where the integration is carried out over the an-
gular degrees of freedom Xp of the projectile. We
introduce the symbol

rM E;X� � � �2p�4mi
kt

Ki

Z
T U2

M

�� ��2 dXp; �21�

and r E;X� � � rM!1 E;X� �. We verify that a sum
up to M � 4 of the series enables us to obtain the
DDCS with a 1% relative error. Furthermore, the
main correction to the order m � 0 is provided by
the ®rst one, and then the ®rst partial sum rM�1

gives a rough idea of the full DDCS.
Now, we test the B-U2 approximation for heli-

um targets. We consider the target in the ground
state represented by a one electron model with a
®ve term Roothan±Hartree±Fock orbital [29]. The
state of the electron in the ®nal channel is mod-
elled by a U2 continuum wave function with ef-
fective charge of Zt � 1:6875. We should point out
that this is a rough approximate way to include the
e�ect of the passive electron of helium in the ®nal
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state, however, a U2-correlated ®nal state with
passive electrons is not available at the moment.

In Fig. 4 we compare the theoretical DDCS in
the forward direction for the collision
H� �He! H� �He� � eÿ with the experimental
data of Lee et al. [30]. The impact energy of the
collision is 1.5 MeV/amu. We plot the results of
undistorted calculations (FBA, B-C2 and B-U2)
and the CDW±EIS calculations. The B-U2 theory
qualitatively agrees with the experimental data,
giving all the main features of the forward ejected
electrons. The projectile distortion in the ®nal
channel gives the ECC cusp for the B-C2 and the
B-U2 approximations, even when the initial state is
undistorted. The B-U2 approximation gives an
asymmetric ECC peak, i.e. an enhancement of the
electronic emission for velocities lower than the
projectile one, but the B-C2 and CDW±EIS
models fail to reproduce this feature. That asym-
metry is mainly given by the interference between
the zero and the ®rst terms in Eq. (20). The B-U2

approximation gives a good agreement with ex-
perimental data in the region of the ridge elec-
trons, but the agreement becomes worse in the soft
electron region overestimating the SE asymmetry.
The U2 ®nal wave function is correlated and
therefore an equivalent correlated initial channel

should be considered instead the simple Born one.
Such initial state is under study.

A similar picture for 100 keV collisions is
shown in Fig. 5 where the experimental data were
obtained by Bernardi et al. [31]. In this case, the
agreement of the B-U2 approximation is good in
the ridge region, while all theories fail in the binary
sphere. Here again the enhancement of the emis-
sion of ridge electrons over the CDW±EIS theory
is mainly driven by the introduction of a correlated
®nal state. The B-C2 model also correctly de-
scribes the ridge region, but overestimates the
DDCS's for electrons faster than the projectile
velocity. As in the previous case, the B-U2 model is
the only one that accounts for the asymmetry of
the ECC peak.

Now we can turn the attention to the angular
structure of the DDCS. In Fig. 6 we plot the
DDCS as a function of the emission angle for 300
keV protons colliding with helium. The energies
considered for the emitted electrons correspond to
velocities near the SE peak (v � 0), near the ECC
peak (v � vp) and in the binary sphere (v � 2vp).
Experimental data are from Rudd et. al. [32]. It
can be seen that there is a general agreement with
the data. In the low electron energy region, the B-
U2 theory underestimates the data for large angles,
giving rise to an angular asymmetry in the SE peak
higher than expected. The dynamical correlation

Fig. 5. Same as Fig. 4 but for 100 keV (H�,He) collision. The

experimental data are from Ref. [31].

Fig. 4. DDCS at 0 degree for a 1.5 MeV (H�,He) collision.

Solid line, Born-U2 approx.; dashed line, B-C2; dotted line,

FBA; dash-dotted line, CDW±EIS. The experimental data are

from Ref. [30]. From Ref. [25].
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introduced by the U2 wave function in the ®nal
state seems to give the electron±projectile interac-
tion e�ects required to produce asymmetric SE
and ECC cusps.

4. Discussion and outlook

In this work we have presented a correlated
model for ionizing ion±atom collisions. This model
is based on a set of new approximative solutions
for the ®nal channel of the process represented by
a three-body continuum Coulomb system. These
new solutions can be written as multivariable
hypergeometric functions that fully correlate the
motion of the electron relative to the heavy ions.
We propose a ®nal state which results from the
simplest mathematical approximation to the non-
diagonal kinetic energy. This leads us to the U2

wave function. A more elaborate approximation
requires the development of more sophisticated
hypergeometric functions that are not available at
the moment.

In the second section of this work we have
shown the fundamental characteristics of the U2

wave function. The U2 function exhibits a high

probability to ®nd the electron in the spatial region
comprised between the two heavy centers (Fig. 3).
The normalization factor mixes in a non-separable
way the Sommerfeld parameters related with the
electron±projectile and electron±target interac-
tions, giving rise to the SE and ECC peaks. We
have shown that the C3 approach is a ®rst order in
the series expansion in terms of two-dimensional
harmonic oscillators. The interference between the
terms of this series introduces the asymmetry in
the peaks and increases the yield of ridge electrons
in an appropriate way. In this context we note that
a cusp of opposite asymmetry was observed re-
cently for the collisional double electron detach-
ment from Hÿ [34]. In this case the outgoing
charged particles are two electrons and one pro-
ton. Recently the authors and co-workers have
presented a wave function for such a system based
on multivariable hypergeometric functions [35].
We hope that this kind of function may reproduce
the unusual asymmetry of the cusp observed in the
double electron detachment experiment.

The relative motion of the heavy particles re-
mains described by a Coulomb function. The
corresponding normalization factor produces an
exaggerated decrement of cross sections for de-
creasing ion impact energy. This indicates that also
this motion should be correlated. This can be done
by introducing additional terms of the non diag-
onal kinetic energy and obtaining a system of three
coupled di�erential equations. It is possible to in-
troduce a multivariable hypergeometric U3 which
correlate all the variables, with poorly known
mathematical properties.

We have obtained DDCS's for the collision of
protons with helium targets in Born-U2 approxi-
mation. The theory well describes all the features
of the cross section, but exaggerates the asymme-
try of the SE emission. A possible solution to these
disagreements could be the introduction of the
electron-projectile interaction in the initial chan-
nel. Furthermore, a correlated initial state derived
within the U2 approach would be more adequate,
since in that case both functions would be
solutions of the same Hamiltonian and thus
orthogonal.

Finally, we would like to note that the
description of the ®nal interaction between the

Fig. 6. Angular distribution of ejected electrons for a 300 keV

(H�,He) collision. Energies correspond to soft electrons (10

eV), ECC electrons (150 eV) and binary electrons (650 eV). The

experimental data were obtained by Rudd et al. [32]. For the

notations of theories see caption of Fig. 4.
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electron and the residual He� target has been
modelled by an e�ective charge. It has been shown
that the e�ect of the passive electrons should be
taken into account in a more accurate way than
this simple model [27,33]. A suitable extension of
the theory should include this e�ect in the calcu-
lation of the ®nal state wave function through the
introduction of model potentials.
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