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First Born approximation~FBA! and continuum-distorted-wave–eikonal-initial-state~CDW-EIS! approxi-
mation are used to calculate the cross section that is triply differential~TDCS! in the energy and angle of the
emitted electron and scattered projectile for proton impact ionization of atomic hydrogen. The TDCS shows
different prominent features, whose origin is examined on the basis of the results given by FBA calculations
and reported for different physical effects. We discuss how these features are related to those present in the
doubly differential cross section~DDCS!. @S1050-2947~96!04106-6#

PACS number~s!: 34.50.2s

I. INTRODUCTION

The FBA was first applied for the ionization of atoms by
ion impact by Bates and Griffing~1953! @1#. Their results for
the total cross section for ionization of atomic hydrogen by
protons agree fairly well with the experiments.

The first experimental measurements of the doubly differ-
ential cross section in the electron energy and angle~DDCS!
were obtained while the discussion on the total cross-section
behavior was still open, regarding its dependence on the rel-
evant parameters@2#. Nowadays, fairly detailed DDCSs,
both theoretical and experimental, for ion-impact and
electron-impact ionization are already available for a large
number of targets@3,4#.

The FBA has been applied to the evaluation of the DDCS
for high-energy and low charge projectiles@2,5,9#. The elec-
tron spectra are described qualitatively well, particularly, in
the soft electron and binary encounter regions. The descrip-
tion fails when the Born factorZP/v increases, and does not
reproduce the electron capture to the continuum~ECC! struc-
ture because the FBA does not take into account the
projectile-electron interaction in the exit channel@6–8#. For
these reasons, many authors contrast the result of this theory
with other more sophisticated ones, like the continuum-
distorted-wave–eikonal-initial-state approximation~CDW-
EIS! @10–12#.

The most detailed information possible on an ionizing
collision is provided by the triply differential cross section
~TDCS!, defined asd3s/dEkdVkdVK , where dEk5kdk
and dVk give, respectively, the energy and the solid angle
element of the outgoing electron, anddVK specifies the solid
angle element of the scattered projectile. The TDCS for
electron-impact ionization has been measured@13# and
evaluated, but no attention has been paid to the ion-atom
case. The purpose of this work is to begin with the analysis
of the TDCS for proton-impact ionization, although experi-
mental data are not available for this process yet.

The paper is organized as follows: The transition matrix

element in the FBA and CDW-EIS approximation are pre-
sented and compared in Sec. II. In Sec. III a detailed analysis
of the different structures that come from the TDCS in the
FBA is presented. Finally, Sec. IV summarizes our conclu-
sions.

II. TRIPLY DIFFERENTIAL CROSS SECTION

We consider the ionization of a neutral hydrogen atom by
a fast charged particlePZ1, namely

PZ11H~1s!→PZ11H11e. ~1!

The triply differential cross section in energy and ejection
angle of the electron, and direction of the outgoing proton for
this process are given by

d3s

dEkdVkdVK
5~2p!4

nk

uK i u
uTi f u2d~Ef2Ei !, ~2!

wheren is the reduced mass of the proton-atom system,K i
the momentum of the incident particle,Ti f the transition am-
plitude, andd(Ef2Ei) expresses the energy conservation of
the system.

In the FBA, the transition amplitude in Eq.~2!, is @14#

TFBA5^wK f
ck

2uVPuwK i
f i&, ~3!

whereVP is the electron-projectile Coulomb potential,ck
2 is

a hydrogenic continuum wave function centered in the target,
wK i , f

are plane waves describing the free relative internuclear
motion, andfi is the initial bound state of the atom.

On the other hand, the transition amplitude in the CDW-
EIS approximation reads@15#

TCDW-EIS5^wK f
ck

2x f
CDWu2“ rT

•“ rP
uwK i

f ix i
EIS&, ~4!

where (2“ rT
–“ rP

) is the CDW perturbation, i.e., the non-
orthogonal kinetic energy that connects the electron with the
target nucleusT and with the projectileP @15#. The final
state includes the projectile distortion through the function
x f
CDW. The initial state obeys the correct asymptotic condi-

tion, including the eikonal phasex i
EIS, which describes the

asymptotic interaction between the incoming projectile and
the initial bound electron.
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From Eqs.~3! and~4! we have calculated the TDCS as a
function of the electron angle and energy of emission and for
each fixed deflection angle of the projectile for the proton-
hydrogen collision. The general shape of the TDCS in the
electron momentum space, as given by the FBA, is shown in
Fig. 1, forEi5500 keV/amu and when the proton deflected
at a 431024 angle. We observe four prominent features in
the electron spectra, i.e., two peaks and two rings. The posi-
tions and physical origin of these features will be discussed
in the next section.

Comparison of the FBA and CDW-EIS approaches is per-
formed in Figs. 2~a!, 2~b!, and 2~c!, for the proton-hydrogen
collision at 500 keV/amu and undeflected projectile. We ob-
serve that both approximations agree quite well, except for
the known electron capture to the continuum~ECC! peak
given by CDW-EIS. Similar results are obtained for other
impact energies and other final projectile angles. Conse-
quently, based on the similar results given by both theories,
we will carry on the analysis of the TDCS structures employ-
ing the FBA, because its mathematical simplicity allows us
to perform most calculations analytically. However, we
should note that increasing differences between both ap-
proximations could be expected when the projectile charge is
increased. In this case, the electron-ion interaction is very
strong, and a first-order perturbative description becomes in-
correct. This is also the case for low projectile impact ener-
gies @6#.

III. ANALYSIS OF THE TDCS STRUCTURES

The transition matrix element in Eq.~3! can be expressed
as

uTf i u258p@ṼP~q!#2uN~j!u2expH 22j tan21F 2mZik

q21Zi
22k2G J

3F~k,q!G~k,q!uf̃ i~q2k!u2, ~5!

where

F~k,q!5@q2~Zi1Z1!2~k22~mZi !
2!~Zi2Z1!22Z1q•k#2

1S 2ZiZ1mk D 2Fk2S ZiZ121D2q•kG2, ~6!

G~k,q!5
1

@~mZi !
21~q1k!2#@~mZi !

21~q2k!2#
, ~7!

f̃ i~q2k!5
2&p~mZi !

5/2

@~mZi !
21~q2k!2#2

, ~8!

ṼP~q!5
4pZP
q2

, ~9!

whereq5K i2K f , andZi andZ1 are the target core charges
assumed for the initial bound 1s, and final continuum hydro-
genic states, respectively. They are equal for the H target, but
Z1 can be replaced by an effective charge to model passive
electron screening in multielectronic targets by hydrogenic
wave functions. This is a usual assumption in ion-atom ion-
ization calculation, and allows us to extend easily our analy-
sis to other targets.

Equation ~5! was first used in 1930 by Bethe for the
evaluation of cross sections for electron-impact ionization of
atomic hydrogen@16#. Due to the lack of measurements of
the TDCS Eq.~5! is integrated over the momentum transfer

FIG. 1. Decimal logarithm of the triply differential cross section
~TDCS!, in the first Born approximation, as a function of the mo-
mentumk of the electron. The axeskp and kt are the momenta
parallel and transversal to the initial direction of the projectile. The
energy of the projectile is 500 keV/amu. The final direction of the
projectile momentum is fixed at 431024 deg.

FIG. 2. Decimal logarithm of the triply differential cross section
~TDCS! in first Born approximation, dotted line, and continuum-
distorted-wave-eikonal-initial state, solid line, as a function of the
momentumk of the electron. The deflection angle and energy of the
projectile are 0° and 500 keV/amu, respectively. The emission
angle of the electron is~a! 0°, ~b! 45°, and~c! 90°.
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q to obtain the DDCS, which is the usually studied quantity.
That integration smoothed many of the features of the
TDCS. Here we will analyze Eq.~5! to get conclusions about
the electron spectra that we can expect from future coinci-
dence experiments.

The factors in Eq.~5! can be associated with different
structures in the transition matrixN~j!, wherej5Z1/k is the
Coulomb factor, which arises from the normalization of the
scattering wave function, anduṼP(q)u

2 is the Fourier trans-
form of the projectile potential and is essentially the Cou-
lomb differential cross section for the scattering of the pro-
jectile off the target. The divergence ofN~j! for k→0, gives
the soft electron peak in the cross sectiond3s/dk dVK , but
it is hidden by the factork in Eq. ~2!. The factorsG(k,q)
and uf̃ i~q2k!u2 show maximum values when determinated
kinematic relations amongK i , K f , andk are given. Instead,
the factorF~k,q! is proportional to the bound-continuum os-
cillator strength related to dynamical properties of the collid-
ing system.

The factorG(k,q) attains its maximum value whenq5k,
which requires that

k25
2

S 12
n

m D 2 S S 11
n

m
sin2G DKi

21S 11
n

m D ne

6KicosGHKi
2F12S n

m D sinGG212neS 11
n

m D J 1/2D ,
~10!

wheren andm are the reduced masses of the projectile and
electron-nucleus target system, respectively,G is the projec-
tile outgoing angle on the same system, ande is the binding
energy in the initial state. For an hydrogenic 1s-state.
e5(mZi)

2. Therefore, we have two values ofk where
G(k,q) has a maximum, corresponding to two concentric
circles ink space centered ink50.

The factor uf̃ i~q2k!u2 attains its maximum whenq5k.
This condition is equivalent to momentum conservation in a
projectile-electron binary collision, which results from as-
suming an infinite mass for the target core. The condition
requires that

k65
1

11
n

m

HKicosu6FKi
2cos2u12neS 11

n

m D G1/2J ,
~11!

which represents a circle in the momentum plane, centered in
the velocity of the projectile with radius smaller than this
velocity. Therefore, this circle does not touch the pointk50.
Here u is the emission angle of the electron relative to the
incidence direction. For a given value ofG, the condition
q5k is satisfied in two points located on the circle. These
points are situated in the crossing of the circles given by Eqs.
~10! and ~11!. We sketch these features in Fig. 3. The inte-
gration over all momentum-transfer directions, as required
for the evaluation of the DDCS, adds the contributions of
these binary peaks and gives the origin to the known binary
circle, which in the limite→0 has the radius

k52
Ki

n
cosu. ~12!

The Coulomb wave function introduced for the descrip-
tion of the electron-target nucleus final continuum state con-
tains infinite perturbative orders in the electron-target inter-
action. In a naive sense, it can be expanded from

uck
2&5uwk&1G0VTuck

2&,

whereVT is the electron-target potential, which in Eq.~3!
gives

TFBA5^wK f
wku~11VT1VTG0VTG01••• !VPuwK i

f i&.
~13!

The first term in this expansion gives the plane wave ap-
proximation:

uTPWu2'uṼP~q!u2uf̃ i~q2k!u2.

The remaining term shows that after being hit by the pro-
jectile, the electron suffers successive collisions with the tar-
get, which are not present in the plane-wave approximation
@17#. The functionG(k,q) accounts for these terms and
therefore, the maxima placed in the circles given by Eq.~10!
can be interpreted as resulting from a further collision of the
binary electrons with the target ion, in this case a proton. In
a first collision with the projectile, the electron is sent in the

FIG. 3. Location of the maxima of the TDCS in the electron
momentum plane for a fixed projectile outgoing angle. The vectors
k1 and k2 are the directions of the electron resulting from the
binary collision with the projectile, as given by Eq.~11!. The tips of
these vectors move along the dashed circle as the projectile outgo-
ing angle changes. These binary electrons are sent with the mo-
menta located in the continuous circles after a second collision with
the target, as given by Eq.~10!.
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direction u with momentum given by Eq.~11!, then it col-
lides with the target and is dispersed in the circles given by
Eq. ~10!.

We should note that the expansion Eq.~13!, is mathemati-
cally incorrect because the nonhomogeneous term of the
Lippman-Schwinger equation~LSE! for the Coulomb wave
is an asymptotically distorted wave, as has been shown by
different authors@18#. However, this asymptotic behavior
will not modify the physical interpretation given to the
maxima.

Now let us consider the factorF~k,q!, which presents a
sharp minimum. Callinga the angle betweenq and k, the
position of that minimum is given by

cosa5
~Zi1Z1!kq

2Z1~k
21Zi

2m2!
2

~Zi2Z1!k

2Z1q
, ~14!

when K f and k are in the same plane the location of the
minimum is along a curve in the electron momentum plane
given by

sinu56
~Kfsin~a6G!2Kisina

q
. ~15!

For givenKi and fixedG, this equation and energy conser-
vation give a relationk5k(u).

The1 and2 sign in Eq.~15! correspond to the tracks of
the curve located in the upper and lower half of the electron
momentum plane. When the projectile is scattered in the for-
ward direction~G50!, and we assumeZ15Zi , the minimum
extends along a circular slot, as we can observe in Fig. 4. We
note that the shape of this curve depends on the charge as-
sumed in the final Coulomb continuum state. Fork→0 the
factorF~k,q! appears as

A1B cos2a, ~16!

which by integration over all momentum transfer directions,
gives

A1BP2~cosu!, ~17!

i.e., the characteristic shape of the soft electron peak in the
Born approximation for the DDCS@19#. This splits the soft
electron peak in the so-called direct and recoil peaks. How-
ever, we should note that the mechanisms contributing to
each of these peaks are different. This can be shown from the
former discussion. Let us consider a simple case where
K̂ f5K̂ i , such that Eq.~10! reduces to

k5
1

S 11
n

m D 2 HKi
26FKi

212neS 11
n

m D G1/2J , ~18!

giving two circles tangent to the binary one; they are shown
by a solid line in Fig. 3. The inner circle has a radius given
by the minus sign in Eq.~18!. Meanwhile, the conditionq5k
yields a peak over the circle in the forward direction. Both
features are modulated by Eq.~16! and overlap to the 1/k
divergence due to the Coulomb factor. Therefore, the direct
and recoil peak have contributions from the binary process
and from high perturbative orders, respectively.

In Eq. ~6! the initial charge and final charge of the target
were split. We have an important reason to do this. The final
charge of the target appears only inF~k,q! and in the Cou-
lomb factorN~j!. We must note, therefore, that the modula-
tor effect of factorF depends of the final charge of the target,
and furthermore, changes in this residual charge do not pro-
duce changes in the general features of the TDCS. The im-
portance of this observation is not evident in the proton-
hydrogen collision process, in which the initial charge and
final charge of the target are equal, but is relevant in a pro-
cess where effective charges like the proton-helium collision,
are usually different in the initial and final target wave func-
tions.

IV. CONCLUSIONS

We studied the TDCS within the first Born approximation
giving a description of the collision process for allk andq.
We assume that the active electron is described by Coulomb
states with different charges before and after emission. This
is the usual assumption in ion-atom ionization calculations,
when the passive electrons are assumed to produce a screen-
ing of the nuclear charge, which is partial in the initial bound
state and complete in the final state of the active electron.
This TDCS is composed of different factors that can be as-
sociated with particular physical processes. The Coulomb
factor, due to the zero-energy resonance of the electron-
target core potential, gives the soft electron peak; the Fourier
transform of the initial state describes the binary ion-electron
collision and produces two peaks in the electron velocity
space, with location depending on the momentum transfer.
The factorG(k,q) is related to the process of double colli-
sion: first the bound electron hit by the incident ion is sent to
the binary peak; and next these binary electrons hit on the
target, giving rise to maxima along two rings in the velocity
space. The radii of these rings depend on the angular devia-
tion of the projectile. Integration over the momentum trans-
fer in the evaluation of the DDCS adds these rings and leads
to a hill for k'2Ki /n. Recently, indirect experimental evi-

FIG. 4. Decimal logarithm of base 10 of the triply differential
cross section~TDCS!, in the first Born approximation as a function
of the momentumk of the electron, for a collision energy of 500
keV/amu and the projectile continuing in the forward direction after
the collision~K i /K f !.
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dence of this double collision mechanism has been presented
@20#. The form factorF~k,q! produces a slot in the distribu-
tion that surrounds the binary peaks on the TDCS. Its shape
depends on the momentum transfer and the effective charges
of the target core assumed to act on the electron in the initial
and final states. This gives the characteristic dipolar shape of
the DDCS in the soft electron peak@18#.

The first Born approximation does not account properly
for the electron-projectile interaction. In fact, it does not in-
clude the ECC cusp, soft electron asymmetry, and two-center

effects. However, it allows for analytic discussion as pre-
sented here, which reveals a set of features in the TDCS, not
observable when the DDCS is considered. The TDCS evi-
dences the structure richness of the three-particle dynamics.
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